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Abstract. As a generalization of formulas given in [3], [6] and [16], we prove a 
subadditivity formula for multiplier ideals associated to log pairs. 

Introduction 

Multiplier ideals satisfy vanishing theorems, making them a fundamental tool in 
higher-dimensional algebraic geometry. They are defined as follows: let {X, A) be 
a log pair, that is, A be an effective Q-divisor on a normal variety X over a field of 
characteristic zero such that Kx + ^ is Q-Cartier. Let o C Ox be an ideal sheaf and 
t be a real number. Suppose that n : X ^ X is a log resolution of {X, A, a), that is, 
TT is a proper birational morphism with X nonsingular such that o.Oj^ = 0^{—F) is 
invertible and Exc(7r) U Supp(7r^^A) U Supp(F) is a simple normal crossing divisor. 
Then the multiplier ideal J{{X, A); a*) of a with exponent t for the pair [X, A) is 

J{{X, A); a*) = iT.O^{\K^ - 7r*{Kx + A) - tF] ) C Ox- 

Demailly, Ein and Lazarsfeld [3] formulated a subadditivity property of multiplier 
ideals on nonsingular varieties, which states that the multiplier ideal of the prod- 
uct of two ideal sheaves is contained in the product of their individual multiplier 
ideals. Their formula has many interesting applications in algebraic geometry and 
commutative algebra, such as Fujita's approximation theorem (see [7] and [11, The- 
orem 10.3.5]) and its local analogue (see [5]), a problem on the growth of symbolic 
powers of ideals in regular rings (see [4]), and etc. Later, Takagi [16] and Eisenstein 
[6] generalized their formula to the case of Q-Gorenstein varieties, that is, the case 
when A = in the above definition of multiplier ideals. In this article, we study 
a further generalization to the case of log pairs, when the importance of multiplier 
ideals is particularly highlighted. The following is our main result. 

Theorem (Theorems 2.3 and 3.5). Let X be a normal variety over an algebraically 
closed field of characteristic zero and A be an effective Q-divisor on X such that 
r{Kx + A) is C artier for some integer r > 1. Let Jacx denote the Jacobian ideal 
sheaf of X . Then 

Jacx ■ J ((X, A); a^b*Ox(-rA)i^-) C J((X, A); a')J{{X, A); b*). 

for any ideal sheaves a, b C Ox and for any real numbers s,t > 0. 

We give two proofs of this. The first proof is a refinement of the arguments 
in [16]. We give a subadditivity formula for generalized test ideals, which itself is 
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interesting from the point of view of algebraic geometry and commutative algebra in 
positive characteristic. Then we use a correspondence between multiplier ideals and 
big generalized test ideals (see [9] and [15]) to obtain the assertion. In the second 
proof, we employ the same methods as those used in [6]. We pull back the problem 
to the product X x X and then the desired formula on X is obtained by restricting 
to the diagonal. We use factorizing embedded resolutions to compute the restriction 
of multiplier ideals on X x X to the diagonal. 
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ronment for Young Researchers from SCF commissioned by MEXT of Japan. 

1. Preliminaries on big generalized test ideals 

In this section, we briefly review the definition and basic properties of big gen- 
eralized test ideals, which we will need later. The reader is referred to [8], [9], [15] 
and [1] for details. The reader interested only in an algebro-geometric proof of our 
result can directly go to Section 3. 

Throughout this paper, all schemes are Noetherian, excellent and separated. A 
graded family of ideal sheaves o, = {<Xm}m>Q on an integral scheme X means a 
collection of nonzero ideal sheaves C Ox, satisfying Oq = Ox and a^a; C <Xk+i 
for all A;, /> 1. For example, given an ideal sheaf a C Ox and a real number t > 0, 
a, = {o^*"^^} is a graded family of ideal sheaves on X. Another example of graded 
families of ideal sheaves is l'^^ — {Ox{—\fnK\)} where A is an effective Q-divisor 
on a normal scheme X. 

Let X be an integral scheme of prime characteristic p. For each integer e > 1, 
we denote hy : X ^ X or : Ox F^Ox the e-th iteration of the absolute 
Frobenius morphism on X. We say that X is F -finite if F : X — )■ X is a finite 
morphism. For example, a field K of characteristic p > is F-finite if and only 
if [K : K^] is finite. Given an ideal sheaf / C Ox-, for each q = p^, we denote by 
/M C Ox the ideal sheaf identified with I-F^Ox via the identification F^Ox = Ox- 
generated by the g-th powers of all elements of /. 

We give the definition of big generalized test ideals, using a generalization of tight 
closure [9], [15]. First we recall the definition of a generalization of tight closure. 

Definition 1.1 ([9, Definition 6.1], [15, Definition 2.1], [14, Definition 2.16]). Let 
X be a d- dimensional F-finite normal integral affine scheme of characteristic p > 0, 
A be an effective Q-divisor on X and a, be a graded family of ideals on X. 

(i) Let / C Ox be a nonzero ideal. Then the (A, a,) -tight closure /*(^'''») of / is 
defined to be the ideal of Ox consisting of all z e Ox for which there exists 
a nonzero element c e Ox such that 

ca,_i^«e/MOx(r(g-l)Al) 

for all large q — p^- 
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(ii) Denote hy E = 0^ H^{ujx) the direct sum, taken over all closed points 
X E X, of the rf-th local cohomology modules of the canonical module ojx of 
X with support on x. For each integer e > 1, let 

F| : £; = Ht{Ox{Kx)) ^ Ht{Ox{p^Kx)) 

X X 

be the map induced by the e-times iterated Frobenius map : Ox — ^ F^Ox- 
Then the (A, a,) -tight closure 0^^^''^*'' of the zero submodule in E is defined 
to be the submodule of E consisting of ail z E E for which there exists a 
nonzero element c e Ox such that 

ca,_iF^(z) = in ^H',{Ox{qKx+\{q-l)A-])) 

X 

for all large q — p^- 

(iii) We say that a nonzero element c G Ox is a big sharp test element for the 
triple (X, A, a,) if for all z e 0^^^''' \ we have 

ca,_iF^(z) = in ^H',{Ox{qKx + \{q - l)A^)) 

X 

for every q — p^. Big sharp test elements always exist (see [14, Lemma 2.17]). 

Proposition-Definition 1.2 ([1, Definition-Proposition 3.3], cf. [8, Lemma 2.1]). 
Let the notation be the same as in Definition 1.1. Then each of the following 
conditions defines the same ideal, which is called the big generalized test ideal for 
the triple {X, A, o.) and denoted by Th{X, A, o,). 

(a) Anno^O^^^'''-^ 

(b) The ideal generated by all big sharp test elements for {X, A, o,). 

(c) For any integer eo > 1, the sum 

e>eo </>e 

where (pg ranges over all elements of }lomci^[F^Ox{{\{p'^ — l)A]),0x) and 
c is a big sharp test element for {X, A, o,). 

When A = 0, we denote this ideal simply by Tb{X,a,). When o, = {a^*™^} for a 
nonzero ideal a C Ox and a real number t > 0, we denote this ideal by n{X, A, o*). 

Remark 1.3. (1) Given graded families of ideals ai,,, . . . , o^,, on X, we can define 
the ideal Th{X, A, Oi,, ■ ■ ■ a,.,,) in the same manner as above. 

(2) ([17, Remark 1.4]) Tb{X, A, a.) is equal to the unique maximal element among 
the set of ideals {Tf,(X, A, aj/ )}e>o with respect to inclusion. If a, is a descending 
filtration, then u^X, A, a.) is equal to the unique maximal element among the set 
of ideals {niX, A, am™")}- 

(3) Since the formation of Tb{X, A, a.) commutes with localization (see [8, Propo- 
sition 3.1]), we can define the ideal sheaf Tb{X, A, a.) when X is a non-affine scheme 
by gluing over affine charts. 
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Hara-Yoshida [9] and Takagi [15] proved a correspondence between multiplier 
ideals and big generalized test ideals. In order to state their results, we briefly recall 
how to reduce things from characteristic zero to characteristic p > 0. We refer the 
reader to [10, Chapter 2] and [13, Section 3.2] for details. 

Let A be an effective Q-divisor on a normal variety X over a field k of character- 
istic zero. Let a C Ox be an ideal sheaf and t > be a real number. Then a model 
of (X, A,a) over a flnitely generated Z-subalgebra A of is a triple {Xa, ^a-,^a) 
of a normal integral scheme Xa of finite type over A, an effective Q-divisor on 
Xa and an ideal sheaf ^ Ox a such that Xa XspecA Spec A; = X, p*A^ = A 
and p~^<Xa = where p : X ^ Xa is a natural projection. Given a closed point 
p G Spec A, we denote by X^ (resp., A^, o^) the fiber of Xa (resp., A^, Oa) over 
p. Note that X^ is a scheme of finite type over the residue field n^p) of which is 
a finite field. 

Theorem 1.4 ([15, Theorem 3.2], [9, Theorem 6.8]). Let X he a normal variety 
over a field k of characteristic zero and A be an effective Q-divisor on X such that 
Kx + A is Q-Cartier. Let a be a nonzero ideal sheaf on X and t > be a real 
number. Given any model {Xa, A^, Oyi) over a finitely generated Z,-subalgebra A of 
k, there exists an open subset W C Spec A {depending on t) such that 

J{{X,Ay,a'), = n{X„A„a'^) 

for every closed point p & W. 

2. A PROOF USING BIG GENERALIZED TEST IDEALS 

In this section, we will give a subadditivity formula for multiplier ideals associated 
to log pairs, using big generalized test ideals. We start with the following lemma. 

Lemma 2.1. Let X be an F-finite normal integral affine scheme of characteristic 
p > and A be an effective Q-divisor on X. Let a, b C Ox be ideals and s,t > be 
real numbers. 

(1) For each integer e > 1, 

n{X,anF:{Ox{-\p^A])) C n{X,A,a')F:Ox. 

(2) Let = {Ox{—\m^)} be the graded family of ideals associated to A. 
Then one has 

n{X, a'^r'n [X, A, a%'X^'^) C n{X, A, a^>,(X, A, b*) 

Proof. (1) Let c G Ox be a big sharp test element for both (X, a*) and (X, A, a*). 
By Proposition-Definition 1.2, 

n{X,anF:{Ox{-\p'A-\)) 
= E E f:{Ox{- A1 {Ft' (car*(^^' -1)1 )) , 

e'>e </)g/ 

where (f>e' ranges over all elements of lA.om.Ox{Ft' Ox,Ox)- For all elements s G 
Ox{-\p'A-\), since s^'-' G Ox{-\p'' A]), 

Fts ■ 4>,, : F:'Ox{\{p''' - 1)A1) ^ F:'Ox ^ Ox 



A SUBADDITIVITY FORMULA FOR MULTIPLIER IDEALS 5 

is viewed as an element of Eomo^{F^ Oxi\{p^ - l)A]),Ox). Thus, applying 
Proposition-Definition 1.2 again, one has 

e'>e 

e'>e 

=r6(X,A,a*), 

where ■j/'e' ranges over all elements of Homo;,(F," OxHip" - l)A]),Ox). 

(2) Since the formation of big generalized test ideals commutes with localization 
and completion (see [8, Propositions 3.1 and 3.2]), we may assume that {X,x) — 
Spec R, where {R, m) is a d-dimensional complete normal local ring of characteristic 
p > 0. Let E — H^{ux) be the d-ih local cohomology module of lox with support 
on X and let F% : E = H^{Ox{Kx)) -> H^{Ox{p''Kx)) be the map induced by 
the e-times iterated Frobenius map : Ox F^Ox- Then by local duality, the 
assertion is equivalent to saying that 

(o;("'-""") : n(X, a')"-) ^ 2 (of'"' : r,(X, A, a')) ^ . 

Let z e ^0^^'^''' •* : Tb{R, A, a*)^ . Then there exists a nonzero element c e Ox such 
that 

cbr*('?-i)V,(X, A,a^)WF|(z) = in Ht{Ox{qKx + \{q - 1)A1)) 

for all large q = p^. Fix any nonzero element 5 G fA]). By the definition of 

o*-tight closure and (1), there exists another nonzero element d e Ox such that 

l)A])(r,(X,a^)-^)M C da^<''-''^^Ox{-\q/^^){n{X,ar^')^'^^ 

COx(-r?Al)r,(X,a^)M 

for all large q = p'^. Therefore, one has 

cc'(5ar^(«-^)Tbr*(^-^)TC»x(-r(g - l)A])(T6(X,a^)*»^)[^lF|(z) = 
in H^{Ox{qKx + \{q - 1)A])) for all large q = p^. That is, n{X,a')*'''z C 

As a consequence of the above lemma, we obtain a subadditivity formula for 
big generalized test ideals. We stress that Kx + A is not necessarily Q-Cartier in 
Proposition 2.2. 

Proposition 2.2. Let X be a normal integral scheme essentially of finite type over 
an F-finite field and A be an effective Q-divisor on X . Let X^^ = f^A])} 
denote the graded family of ideal sheaves associated to A and Jacx denote the Ja- 
cobian ideal sheaf of X. Then 

Jacx • n [x, A, o^b*xi'^) C T,{X, A, a')n{X, A, b*) 
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for any ideal sheaves a, b C Ox and for any real numbers s,t > 0. 

Proof. The question is local, so we may assume that X is affine. Since Jacx Q 
Tb{X, a*)**^ by [16, Lemma 2.6], the assertion immediately follows from Lemma 2.1 
(2). □ 

Before formulating a subadditivity property of multiplier ideals, we recall the 
definition of asymptotic multiplier ideal sheaves. Let A be an effective Q- divisor on 
a normal variety X over a field of characteristic zero such that Kx + A is Q-Cartier. 
Let a, = {cim} be a graded family of ideal sheaves on X. Then the asymptotic 
multiplier ideal sheaf J'{{X, A); a,) of a, for the pair (^, A) is defined to be the 
unique maximal member among the family of ideal sheaves {J'{{X, A); am"*)} with 
respect to inclusion. We refer the reader to [11, Chapter 10] for details. 

Theorem 2.3. Let X be a norm,al variety over a field of characteristic zero and 
A be an effective Q-divisor on X such that Kx + A is Q-Cartier. Let — 
{^x{—\i^A~\)} denote the graded family of ideal sheaves associated to A and let 
Jacx denote the Jacobian ideal sheaf of X. Then 

Jacx ■ J ((X, A); a^b*xi*^) C J((X, A); a')J{{X, A); b*) 
for any ideal sheaves a, b C Ox and for any real numbers s,t > 0. 
Proof. Take sufficiently large and divisible m such that 

J ((X, A);a^b*xi'^) = A);a^b*e'x(-r^Al)V-). 

It follows from a combination of Remark 1.3, Theorem 1.4 and Proposition 2.2 that 
for a model {Xa, Aa, O-a, b^) over a finitely generated Z-subalgebra A of k, there 
exists an open subset W C Spec A such that 

(Jacx)^ • J{{X, A); a'b'Ox{- rmA])V-)^ 

=Jacx, • n{X„A„aXOx,HmA,-\yf"^) 

CJacx,-n(^X„A„aXlA) 
CT,(X^,A^,ap-r,(X^,A^,b^) 
=J((X,A);o^)^- J((X,A);b% 
for all closed points fi G W. This implies that 

Jacx • J{{X, A); a'b'Ox{- fmAD^/™) C A); a')J{{X, A); b*)- 

□ 

3. An algebro-geometric proof 

In this section, employing the same methods as those used in [6], we give an 
algebro-geometric proof of the above subadditivity formula for multiplier ideals. 
Throughout this section, let X be a d-dimensional normal variety over an alge- 
braically closed field of characteristic zero and A be an effective Q-divisor on X 
such that Kx -|- A is Q-Cartier. For a closed subscheme Z of X, we denote by 
Xz Q Ox the defining ideal sheaf of Z in X. 
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First we recall the definition of factorizing embedded resolutions. 

Definition 3.1. Let Z he a reduced closed subscheme of X which is not contained 
in the singular locus Sing(X) of X. A factorizing embedded resolution of Z in X is 
a proper birational morphism / : X — > X with X smooth such that 

(a) / is an isomorphism at every generic point oi Z C X, 

(b) the exceptional locus Exc(/) is a simple normal crossing divisor, 

(c) the strict transform Z of Z in X is smooth and has simple normal crossings 
with Exc(/), _ 

(d) TzOj^ — XzOxi—Rz) where Rz is an /-exceptional divisor on X. 

Such a resolution always exists (see [2]). 

Lemma 3.2 (cf. [6, Lemma 3.6]). Let o C Ox he an ideal sheaf and t > be a real 
number. Let Z C. X be a reduced equidimensional closed subscheme of codiniension 
c, none of whose components is contained in Sing(X) U Supp(A) U Supp(V^(a)). Let 
f : X ^ X be a log resolution of {X, A, a) which is simultaneously a factorizing 
embedded resolution of Z in X so thatXzO^ = X-^^{—Rz), where Z is the strict 
transform of Z in X. Put 

B := -f*{Xx + A)-t- f-\V{a)) -c-Rz]. 

Then the restriction map 

f.Oj,{B) ^ f\z^O^{B\-^) 

is surjective. 

Proof. It suffices to show that i?^/* {I-zOj^{B)) = 0. Let g : Y ^ X he the blow-up 
of X along Z with reduced exceptional divisor E, and denote hy h = (gof) .Y^X 
the composite morphism. Since 

{I^OY)g*Oj^{B) = Oy{\g*K^ -h*{Kx + A)-t- h-\V{a)) - c ■ g*Rz - E]) 
= OyHKy -h*{Kx + A)-t- h-\V{a)) - c ■ h-\X)]), 

it follows from Kawamata-Viehweg vanishing theorem that 

R^K {{IzOY)g*Oj^{B)) = R'g. {{I^OY)g*0^{B)) = 

for alH > 0. We use the Leray spectral sequence to conclude that 

i?7* i^^zOxm = R'f. {g.{{X-^OY)g*0^{B))) = 

for all 2 > 0. □ 

Definition 3.3. Given any positive integer r such that r{Kx + A) is Cartier, con- 
sider the natural map 

PrA ■■ (^i)®' ^ OxirKx) ^ Ox{r{Kx + A)). 

Let Ir,A ^ Ox he the ideal sheaf so that Im p,.,A = Xr^AOx{r{Kx + A)). Note that 
if Jacx is the Jacobian ideal sheaf of X, then Jac^f • Ox{—rA) C X^^a- 
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Lemma 3.4 (cf. [6, Lemma 4.5]). Let f : X ^ X be a himtional morphism with X 
smooth and Jacj be the Jacobian ideal sheaf of f . Given an integer r > 1 such that 
r{Kx + A) is Cartier, One has 

Jac;^ = X,,aOx(-K^x - f\Kx + A))). 

Proof. First note that by the definition of Jacj, the image of the natural map 
f*{ytx)®'^ Oj^{rKx) coincides with Jacj • Oj^{rKj^). Consider the decompo- 
sition r{K^ — f*{Kx + A)) = — K^, where K+, K_ are effective divisors on X. 
Then we have the following commutative diagram: 

f*{nirr ^ o^{-K^) > Oj^{rK^) 

rOx{r{Kx + A)) ® Ox{-K_). 
Computing the images of these maps, we see that 

Jac} • Oj^{-K_) = Ir,AOx{-K+), 
which gives the assertion. □ 
Now we state a subadditivity formula for multiplier ideals involving the ideal sheaf 

Theorem 3.5. Let X be a normal variety over an algebraically closed field of char- 
acteristic zero and A be an effective Q-divisor on X such that r{Kx + A) is Cartier 
for an integer r > 1 . Let X^^ a be the ideal sheaf given in Definition 3. 3. Then 

J ((X, A); a^h'll';^ C J{{X, A); a^) J((X, A); b*) 

for any ideal sheaves a, b C Ox and for any real numbers s,t > 0. In particular, 

W Ji^- j((X,A);o^b*xj;^) C J((X,A);a^)J((X,A);b*), 

where Jacx is the integral closure of the Jacobian ideal sheaf of X and — 
{Oxi—lmA])} is the graded family of ideal sheaves associated to A. 

Proof. Let pi,p2 : X x X ^ X he the natural projections. We regard X as a closed 
subvariety oi X x X via the diagonal embedding X ^ X x X. Since 

J{{X, A); a^)J{{X, A); b*) = J{{X x X,plA + p^A); (p^'anp^'bY)]^, 

it is enough to show that 

J ((X, A); a'b%X) ^J{{Xx X,ptA +p;A); (pr'a)lpj'^')*) |x- 

Let TT : X — )> X be a log resolution of A, a, b and X^^a so that X^.aC^x ~ ^x^~FrA)i 
and denote \)yg = T^XT{: XxX^XxX the product morphism. Note that the 
restriction of g to the diagonal is nothing but tt. Let h -.Y ^ X x X he di, morphism 
such that the composite morphism / = {hog) iF— >XxXisa factoring embedded 
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resolution ofX in XxX and TxOy — X-^Oy{—Rx)-, where X is the strict transform 
of X in Y. 

f 



Y'^XxX^XxX 



X 



X ^X 

Put B — Ky — f*{Kxxx +P2^) and denote d by the dimension of X. It then 

follows from Lemma 3.2 that 

f\xPx{\B - s ■ r\V{p^'a)) t ■ r\Vip,'b)) ~d-Rx] \x) 
=Wy{\B - s ■ r\V{p-,'a)) - t ■ f-\Vip,'b)) -d-Rx])\^ 
Cf^Oy{\B - s ■ r\V{p^'a)) - t ■ f-\V{p^'bm\^ 
=J{{X X X,plA + p*Ay,{p^'ay{p^'by)\^. 



Claim. 



{B-d- Rx)\-j^ >Kx- f\x\Kx + A) - - ■ h\^Fr,^. 



Proof of Claim. Applying Lemma 3.4 to /i, tt and one has 

Jac/^ = Oy{-Ky^^^^), 
Jac; = 0^(-r(% - Ti*{Kx + A)) - F,,a), 
Jac;^l^ = 0^{-r{K^ - f\-^\Kx + A)) - /i|^F,,a). 

It follows from [6, Lemma 6.3] {X is assumed to be normal and Q-Gorenstein in 
loc. cit., but the same statement holds when X is only normal) that 

Jac/j|^(Jac„ ■ Oxf C Jac/|_- O^i-d - 

which is equivalent to saying that 



- Ky/x.x\x - 2 ■ ^Ix + 2 ■ f\x\Kx + A) - - • 



< - K^+fy{Kx + A) - - . /i|^F,,A -d-Rx 



Note that (%^^ - g*{Kx-^x + p\A + p^A))|^ = 2{K^ - tt*{Kx + A)). Thus, 
substituting this equality to the above inequality, one has 

Kj, - fy\Kx + A) - ^ ■ h\*^Fr,^ <{B-d- Rx)y 



□ 
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By the above claim, we have 
j((X,A);a^b%yi) 

^fyO^ilKj, - fy*iK^ + A)-s- fff{V{a)) - t ■ fff{V{b)) - J ■ h\*^K,^-\) 

CflxM \B~s- r\V{p-,'a)) - t ■ f-\V{p,'b)) -d-Rx] |x) 
CJ{{X X X,plA + p;Ay,{p^'anp^'b)%. 

□ 

Remark 3.6. The inclusion (★) in Theorem 3.5 involves not the Jacobian ideal sheaf 
but its integral closure, and so Theorem 3.5 is a httle bit stronger than Theorem 2.3 
in this sense. We don't know at the moment how to prove the inclusion (★) using big 
generalized test ideals. The difficulty is illustrated in the fact that big generalized 
test ideals are not necessarily integrally closed (see [12]). 
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